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ABSTRACT 

This  paper  studies  the  existence  of  periodic  solutions  for  a  family  of 
semilinear  wave  equations  where  the  restoring  force  is  independent  of  time, 
monotone,  and  grows  at  a  more  rapid  rate  than  linear  near  infinity.  With 
appropriate  technical  assumptions  it  is  shown  that  there  is  an  unbounded 
sequence  of  such  free  vibrations,  i.e.  there  are  solutions  of  arbitrarily 
large  amplitude.  If  the  restoring  force  is  independent  of  x,  the 
monotonicjlty  assumption  can  be  omitted. 


AMS  (MOS)  Subject  Classifications:  35L70,  47H99,  58E05 

Key  Words:  semilinear  wave  equation,  time  periodic  solution, 
minimax  methods,  critical  point,  critical  value 

Work  Unit  Number  1  (Applied  Analysis) 


^Department  of  Mathematics,  University  of  Wiscone in-Madison, 
Madison,  HI  53705 


This  research  was  supported  in  part  by  the  National  Science  Foundation  under 
Grant  No.  MC8-8 110556  and  sponsored  by  the  United  States  Army  under  Contract 
No.  DAAG29-80-C-0041 .  Reproduction  in  whole  or  in  part  is  permitted  for  any 
purpose  of  the  United  States  Government. 


I 


f: 


2 


% 


t 


h 


M 


« 


I 


8I0MIFICAHC*  AMD  KXFLANATXON 

Ha  consider  the  existence  of  ties  periodic  solutions  for  a  class  of 
nonlinear  wavs  equations  with  a  restoring  force  which  is  independent  of 
tiae*  Our  equations  model  the  action  of  a  "linear"  string  with  fixed 
endpoints  and  a  nonlinear  restoring  force*  Assuming  this  force  depends 
aonotonically  on  the  displacement  and  grows  at  a  "superlinear"  rate  near 
infinity,  we  show  there  is  a  large  class  of  periods  for  which  there  are 
arbitrarily  large  tiae  periodic  solutions.  For  forcing  teres  which  are 
independent  of  x,  we  can  drop  the  none tonicity  assumption. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
sumary  lies  with  NSC,  and  not  with  the  author  of  this  report. 


LARGS  AMPLITUDE  TIMS  PERIODIC  SOLUTIONS  OP  A  SEMILINEAR  HAVE  EQUATION 


Paul  H.  Rabinowits* 

INTRODUCTION 

Several  recant  papers  establish  the  existence  of  time  periodic  solutions  of  autonomous 
or  forced  wave  equations  [1-17].  He  will  focus  on  the  former  question  here  and  study 
(0.1)  utt  -  Ujjjj  ♦  f(x,u)  “0,  0  <  x  <  1,  t  €  R 

together  with  the  boundary  and  periodicity  conditions 
(0.2)  u(0,t)  -  0  -  u(t,t),  t  «  * 

u(x,t  +  T)  “  u(x,t),  x  e  [0,i] 

Our  goal  is  to  prove  the  existence  of  large  amplitude  solutions  of  (0.1 )-(0.2).  More 
precisely  our  main  result  is 

Theorem  0.3i  Suppose  («C|[0,|]  x  r,R)  and  satisfies 
(fj)  f(x,5)  is  strictly  monotone  increasing  in  (,  and 
(f2)  there  exists  ti  >  2  and  r  >  0  such  that  for  I  Cl  >  r* 

0  <  uP(x,C)  *  V  J*  f(x,s)ds  <  Cf(x,5) 

0 

Then  for  each  R  >  0  and  for  each  T  which  is  a  rational  multiple  of  t,  there  exists  a 

weak  solution  u  of  (0.1)-(0.2)  with  lul  m  >  R. 

L 

Remark  0.*.  (a)  By  a  weak  solution  of  (0.1)-(0.2),  we  mean  a  function 

u  e  C((0,£]  x  k, R)  satisfying  (0.2)  and 

T  t 

(0.5)  /  /  •  ♦  )  ♦  f  (x,u)  41  dxdt  -  0 

0  0 

for  all  smooth  t  which  also  satisfy  (0.2). 
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(0.6) 


(b)  Hypothesis  (f2)  implies  thsrs  srs  constants  a, ,a2  >  0  such  that 

P(x,C)  >  a, ICl"  -  a2 

for  all  (  <  l(  i.s.  r  grows  at  a  "suparquadratic*  rats  as  (€1  ♦  •.  Hanes  f  grows  at 
a  "super linear"  rate  as  |(|  ♦  •  via  (f2). 

(e)  If  f  in  Theorsm  0.3  is  tmooth,  it  is  known  that  any  corresponding  solution  of 
(0.1)-(0.2)  is  also  smooth  (6),  (151. 

If  f  is  independent  of  x,  hypothesis  (f, )  can  be  eliminated! 

Theorem  0.7»  if  f  6  C(H,K)  and  satisfies  (f2)»  then  the  conclusion  of  Theorem  0.3  holds. 

The  existence  of  one  nontrivial  solution  of  (0.1)-(0.2)  has  been  established  by 
Bresis-Coron-Hirenberg  [5],  Chang- Dong- Li  [8]  and  Rabinowitz  [15).  These  authors  require 
(f,)#  ( f 2 )  or  somewhat  weaker  conditions  together  with  some  further  assumption(s)  on  f  at 
5*0.  In  [5]  and  (8) ,  the  authors  use  a  Legendre  transformation  to  aid  in  converting  the 
problem  to  a  simpler  one.  Such  an  approach  perhaps  can  be  used  here  in  the  setting  of 
Theorem  0.3.  (As  a  first  step  one  can  produce  a  time  Independent  solution  of  (0.1)-(0.2) 
and  then  via  a  change  of  variables  further  assume  f(x,0)  -  0).  However  the  Legendre 
transformation  requires  If,)  and  therefore  it  will  not  work  for  the  setting  of  Theorem 
0.7.  He  use  an  approach  that  works  for  both  Theorems  0.3  and  0.7i  in  fact  after  some 
observations  the  proof  of  the  latter  result  is  a  simplification  of  the  proof  of  the  former. 

Theorem  0.3  was  largely  motivated  by  an  analogous  result  for  Hamiltonian  systems  of 
ordinary  differential  equations 

(0.8)  x  “  JHg(s) 

under  solely  an  assumption  like  (f2)  [18].  To  obtain  the  result  of  [18]  for  (0.8),  rather 
explicit  estimates  were  required  for  a  comparison  problem  and  such  estimates  do  not  seem  to 
be  available  in  the  setting  of  (0.1)-(0.2).  Therefore  we  have  had  to  use  a  different 
argument  which  obviates  the  comparison  problem  and  which  can  be  used  to  provide  a  new  and 
somewhat  simpler  proof  of  the  main  result  of  [18].  Another  difference  between  (0.8)  and 
(0.1)>(0.2)  is  that  solutions  of  (0.8)  lie  on  surfaces  H(s)  3  constant  =  c  which  for 
large  c  and  "suparquadratic"  H  bound  compact  star shaped  neighborhoods  of  0  in  mJn. 
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Solution*  of  (0*1 ) — ( 0 . 2 )  also  satisfy  a  conservation  law  but  of  a  such  waaksr  sort  and  even 
if  a  solution  is  of  large  amplitude,  it  mist  pass  through  0  bacausa  of  (0.2). 

A  najor  difficulty  in  tr anting  (0.1  )-(0.2)  atoms  from  tha  fact  that  tha  linear  problaai 
(0.9)  a  v  -  v  -  0 

tt  XX 

vhare  v  also  satisfias  (0.2)  and  T  is  rationally  ralatad  to  i  has  an  inflnit* 
dimensional  space  of  solutions,  M.  Tha  no  no tonicity  assumption  (f1)  is  usad  to  astinata 
tha  coaqponant  in  M  of  a  solution  u  of  (0.1)-(0.2).  Quit*  recently  Coron  [7]  has  noted 
that  if  one  restricts  □  to  an  appropriate  subclass  8  of  functions  satisfying  (0.2), 
than  ins*  (0).  Hanca  if  f  i  8  ♦  8  one  can  do  without  (fj).  In  fact  using  this 
observation  and  techniques  from  (18],  Coron  proved  a  result  like  Theoraai  0.7  under  the 
further  hypotheses  of  polynomial  growth  for  f  and  f(0)  **  0.  our  proof  of  Theorem  0.7 
also  relies  on  his  observation,  if  T  is  not  rationally  related  to  1,R  -  {0>  but  one 
encounters  small  divisor  problame  in  trying  to  invert  □.  It  is  an  interesting  open 
question  as  to  how  to  treat  (0.1 )-(0.2)  for  this  case. 

An  outline  of  this  paper  is  as  follows*  In  fl,  (0.1)  will  be  replaced  by  a  modified 
problem,  roughly  as  in  (151.  Solutions  of  the  modified  problem  will  be  Characterised  as 
critical  points  of  a  variational  problem.  In  {2  the  existence  of  such  critical  points  will 
be  established  and  acme  qualitative  properties  of  the  critical  values  will  be  studied. 
Suitable  estimates  for  the  critical  points  will  be  obtained  in  (3  and  combined  with  the 
results  of  |2  to  solve  first  the  modified  problem  and  then  the  original  one  in  the  setting 
of  Theorem  0.3  via  a  limit  argument.  Lastly  in  (d  we  prove  Theorem  0.7. 


f*.  FORMULATION  OF  THE  MODIFIED  PROBLEM 

For  dtfialtmMi  In  what  follows,  ws  sst  t  *  *  and  T  -  2*.  Th«  general  cats  is 
treated  similarly.  Lst  Q  i  [0,«]  *  [0,2s]  and  |Q|  S  2s2. 

Roughly  spanking,  solutions  of  (0.1 )-(0.2)  ars  obtainsd  as  critical  points  of  ths 
corresponding  functional i 

(1.1  >  I(u)  -  /  I'  <u2  -  u2>  -  F(x,u) ]dxdt  . 

Q 

A  natural  space  in  which  to  treat  (1.1)  is  suggested  by  the  quadratic  wave  fore  in  (1.1). 
Any  saooth  function  u  satisfying  (0.2)  has  a  Fouriar  expansion  of  the  forai 


■  ■  I  l  aj,-k  "  *j,k 

j-1  k—  3*  3*  *  3' 


Let  E  denote  the  Hilbert  space  obtained  as  the  closure  of  the  set  of  such  functions  under 


,2  i  I  I  (Ik2  -  j2|  ♦  1)|a  | 

*  1-1  k—  3 


Further  set 


E*  -  {u  «  B|ajk  -  0  for  |k|  <  1}  , 

E~  •  (u  «  E|«jfc  -  0  for  t k |  >  j>  , 
and  E*  •  (u  €  *lajk  -  0  for  J  *  |k|> 

e^  a 

Then  E  ,  E  ,  E*  are  oosqpleeentary  subapaces  of  E  on  which  the  wave  fore  is  positive 

definite,  negative  definite,  and  null.  Indeed  if  v  €  E*  is  saooth,  v  satisfies 

(0.9)  and  (0.2)  and  it  is  easy  to  see  there  is  a  p(  L2(S1)  such  that 

v(x,t)  -  p(x  >  t)  -  p(x  -  t).  It  is  also  not  difficult  to  verify  that 

(1.3)  lul  <  a  lul* 

L*(Q)  * 


for  all  u  e  E  •  E  and  a  «  [2,-)  where  a#  is  a  constant  depending  only  on  a  [9] . 

*•  m 

Moreover  the  injection  e  •  E  ♦  L  is  contact. 


As  was  noted  in  (0.6),  F(x,C)  grows  aore  rapidly  than  quadratically  as  |(|  ♦  n 
Since  there  is  no  upper  restriction  on  this  rate  of  growth,  X(u)  need  not  be  defined  on 


% 


all  of  I.  This  is  ona  obstacla  to  finding  critical  points  of  Z  in  a  direct  fashion.  A 
saoond  difficulty  is  that  in  order  to  apply  mlnimax  methods  to  I,  one  generally  needs 
some  compactness  for  X  aa  embodied  in  the  Falaie-Smale  condition  and  that  seems  to  be 

A 

lacking  relative  to  (*.  Hence  we  will  modify  the  problem,  both  in  terms  of  I  and  B, 
in  the  spirit  of  [IS]  and  [19]. 

*  V 

Mote  that  any  u  €  I  can  be  written  as  u  *  v  +  w  where  v  «  *•  and  w  e  B  •  E  . 
Set  MP  M1,2(Q),  M1  a  l+  •  s”,  and  I'M  NA.  Zt  is  easy  to  aee  that  since  the 
elsmenta  of  M  are  essentially  functions  of  one  variable,  v  «  N  implies  v  is 
continuous.  Moreover  if  v  €  M, 


and  if  v  «  M1, 


/  v2dxdt  ■  /  v2dxdt  >  /  v2dxdt 
Q  Q  Q 


I  Ik2 
l*|k| 


J2H.Jkl2  > 


Z  |Bikl 

j*|k| 


Thus  as  norm  in  ■  we  can  take 


(1.4)  lul2  *  lul2  *  lv2l  *  I  Ik2  -  j2||a  |2 

*  L  jd|k|  jlt 

where  u  -  v  +  w  has  an  expansion  as  in  (1.2).  It  is  easy  to  see  that  N  and  n1  are 
orthogonal  subspaees  of  B  under  the  inner  product  associated  with  (1.4). 

Kith  r  as  in  (fj),  1st  K  >  r  and  let  fg(x,C)  be  a  function  continuous  in  x,  C,K 
and  satisfying  (f^),  (f j)  with  ii  replaced  by  ii  independently  of  K  and  such  that 
fk(x,*)  -  f(x,t)  for  Id  4  K  and  fk(x,C)  -  5*  for  1 51  >  «dK).  (Mote  that  this 
differs  from  the  truncation  employed  in  [15]).  Then  the  primitive  rR  of  fK  satisfies 
(0.«)  with  a1,a2  replaced  by  a^ ,a2  independent  of  K.  A  straightforward  computation 
shows  that  such  an  fK  is  given  by 


5- 


(1.5) 


0  «  l  <  X 


i 

J 


fK(*,5)  -  f(x,C), 

-  f (x,K)  ♦  P(t  -  X)3  «•  ({  -  IOC5,  K  <  C  <  X  ♦  1 

-  f(x,X)  ♦  P(C  -  X)3  C5,  X  ♦  1  <  l  <  K 

-  (x  ♦  1  -  C)(f(x,K)  ♦  p(C  -  1C)3)  ♦  C5,  X  <  €  <  1C  ♦  1 

-  C5.  c  >  K  ♦  1  *  «(X) 

with  the  analogous  definition  for  5  <  0  provided  that  we  take  p  -  p(x)  appropriately 

X  appropriately  large  ooepared  to  p,  and  e.g. 

MS 

K  depending  continuously  on  X. 
and  for  u  ■  v  ♦  w  €  *  IMP  define 


large  caapared  to  f  (x,±JC) , 
5  •  *in(4,  **  \2)>  P  and 
Mow  finally  fix  0  >  0 


(1.6)  I(0iKfu)  ■  /  [-j  (u3  -  u3  -  0v3)  -  rK(x,u)  ]dxdt 

Then  I(0,Kfu)  e  c’d.E)  (See  (19]).  We  will  find  solutions  of  (0.1)-(0.2)  by  first 
obtaining  critical  points  of  X(0,K|<).  These  critical  points  are  weak  solutions  of 

(1.7)  Du  -  (»tt  ♦  fg(x,u)  “  0 

together  with  (0.2).  with  the  aid  of  appropriate  estimates  which  are  independent  of  0 

and  K  for  these  critical  points  and  corresponding  critical  values,  we  can  choose  k 

sufficiently  large  so  that  lul  <  X  for  a  solution  u.  Therefore  f-(x,u)  ■  f(x,u)  and 

L 

letting  0  ♦  0  yields  a  solution  of  (0.1)-(0.2)  of  the  desired  type. 


i 


I 

! 


l\ 

^  ,*  ;*  «•  ■  •  .*  _•  -  •  .■  •  *  •  •  *  '  •  »  .*  .•  ,*  .•  '  -  V  -  a*.  .“.*•*.* 

I  ^  ^  ^  ^  ^  S  M  A  .  m  4^*  4^  «  4^^  .  *  .  '  4  '  *  *  ■  4^  *  4  4  *  •  4  t  *»  4  ^  —  ^ 

\n  jJL  t  J J  ?-■**,  ■?*,  i'  m\  i\ a>  e.'.l  ■  ■ -  


A  A  A^  A—  A^  A— 

Cor  u  ■  y  ♦  *  +  «  (Ml  +•■  «btn  8(a)  la  caapact.  (In  a.g.  tha  analogous 
situation  la  [19]).  Thun  if  wo  oho*  Uf  ooguonoo  (^)  satisfying  (2.1)  la  boundad,  (2.1) 
and  tha  Cora  of  (2.3)  laply  (^1  poaooaooa  a  eoavargont  oubooqosnea. 

Bupposa  tharaforo  that  (aB)  aatlaClaa  (2.1).  For  largo  a  m  havat 

(2.4)  |Z*(»,K,i^)*l  <  8141 

whora  c  la  Craa  Cor  now.  For  notatlonal  oonsonianca  «a  drop  tha  subscript  a  on  a.  By 
(2.1),  (1.6),  and  (C2) ,  thorn  la  a  ooaataat  N  >  0  such  that 

(1.5)  N  ♦  |  lul  >  Z(9,Kia)  -  |  z'(6,K,a)a 

•  /  [ j  CK(*,«)a  -  F_(x,u)]dxdt  >  Oj  /  f_(x,u)u  dxdt  -  a4 
Q  Q 

along  oar  oaguanea.  In  (2.S)  tha  eonatanta  03  and  a4  ora  indspandant  oC  a.  Tha  Cora 
oC  CK  and  (2.5)  laply 
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K 


\\ 


i 

I 

■.s 

:< 

I 


(2.6) 


H  +  |  lul  >  a.lul®  -  a. 
2  5  L6  6 


where  a5,  a^  ara  independent  of  a.  Choosing  auccaaaivaly  ♦  -  v  -  p*ui  ♦  -  w+  »  P+uj 
0  -  w~  ”  P'u  in  (2*4)  shows 


(2.7) 


(i)  0lvl2  <  /  |fK(t,u)|v  dxdt  +  elvl  <  a^d  +  lul56)lvl  +  elvl 
Q  L  L 


(ii)*  lw*l2  <  a?(1  +  lul^Jlw1!  6  ♦  elw*l 

L  L 


k- 


i 


vhara  a j  dapanda  on  K  but  not  0  on  a.  Lotting  e  «  ain(  0.1)  and  adding  tho 
inequalities  in  (2.7)  yields 

(2.8)  lul2  <  a  (1  ♦  lul*)(lvl  ♦  lw+l  ♦  Iw"  I  )  +  3  lul  . 

8  L°  IT  IT  u 

But  than  by  (2.6),  (1.3)  and  its  analogue  for  N,  wo  have 

(2.9)  lul2  <  a9(1  ♦  lul5/6)lul  ♦  3 lul 

whoro  09  is  independent  of  a.  This  inequality  laplies  (u^)  is  bounded  in  B  and  the 
proof  is  coaplete. 

In  order  to  obtain  critical  points  for  I ( 0,JC, * ) ,  we  will  use  a  variation  of  known 
ideas  (8ee  e.g.  [20]).  He  define  a  group  (as1)  action  on  B  via 

g0n(x,t)  *  u(x,t  8) 
for  u  C  B  and  8  e  [0,2v).  Note  that 

(2.10)  I(0,JC>g0u)  -  I( 0#K|u) 

for  all  u  «  B  and  0  e  [0,2*)  i.e.  1(0, Kj*)  is  invariant  under  this  action,  let 
G  «  (g^l 8  e  [0,2*)}.  Note  that  G  possesses  a  fixed  point  set. 

Fix  G  =  {u«B|gu“u  for  all  g  e  <*} 

It  is  clear  that 

(2.11)  Fix  G  *  span {sin  jx|j  e  *}  C  e” 

Lqssmi  2.12i  For  each  0  >  0,  K  >  r,  and  u  €  Fix  G, 

1(0, K.u)  <  a^lQl 


-8- 


-9- 


15 


NS 


Proposition  2.19t  For  each  j  e  M,  c^(0,k)  Is  monotone  nonlnersaslng  in  0  for  fixed 
K  and  is  continuous  in  K  for  fixed  0. 

Proof:  The  only  0  term  in  X(0,K, •)  is 

-0  /  v*dxdt 
Q 

Hence  0  >  0  implies  K0,K,u)  <  l(0,K,u)  for  each  u  €  E  and  therefore 

sup  I(0,K,h(u))  <  sup  I(  0,K,h(u) ) 

Vj  VJ 

for  each  h  €  G^.  consequently  c^(0,K)  <  c^(0,K)  if  "0  >  0. 

To  prove  the  continuity  of  Cj  with  respect  to  K  for  fixed  0,  note  that  by  our 
choice  of  f_,  F_(x,£)  ♦  F-(x,C)  uniformly  in  [0,*]  *  R  as  K  ♦  K.  Therefore  for  any 

e  >  0,  there  exists  6(c,K)  >  0  such  that  |K  -  K|  <  6  implies 

|Fk<x,C>  -  F-(x,5)  |  <  e  for  all  (x,C)  «  [0,*]  x  R.  Hence  |K0,K,u)  -  I(0,K,u)|  <  |Q|  e 

for  all  u  «  E  from  which  it  easily  follows  that  |c^(0,K)  -  c^(0,K)|  <  |Q|e  if 

|K  -  K|  <  0. 

Remark  2.20:  If  one  uses  the  truncation  for  f  as  given  in  [15),  it  is  not  evident 
whether  c^(0,K)  depends  continuously  on  K  for  fixed  0. 

The  definition  of  V ^  and  imply  that 

(2.21)  c  (0,1C)  >  sup  I(0,K,u)  5  v(0,K) 

3  Fix  G 

It  is  not  difficult  to  see  that  v(0,K)  is  a  critical  value  of  I(0,K,  •)  corresponding  to 
a  time  independent  solution  of  (0.1)-(0.2).  He  will  show  the  numbers  (c^  ( 0,K)  form 

an  unbounded  sequence  of  critical  values  of  I(0,K, •). 

Proposition  2.22;  For  each  0  >  0,  K  >  r,  c^(0,K)  +  •  as  j  ♦  • 

Proof:  The  form  of  FK  implies  there  exists  an  Ag  >  0  such  that 

(2.23)  |fr(x,5)|  <  1  +  \KI6 
for  all  (x,€)  6  [0,*]  *  R.  Therefore 

(2.24)  1(0, K,u)  >  /  [-j  (u*  -  u*  -  0v*)  -  A^u^  ]dxdt  -  |Q| 
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(2.30) 


h(Br(h>  0  V  °  9BPjn  Vi  *  *  ’ 


This  follows  as  In  analogous  situations  ins  [18],  [20].  Indeed  if  Fix  G  were  finite 
dimensional,  (2.30)  follows  immediately  from  Theorem  3.9  of  [20]  or  Corollary  1.25  of 
[18].  He  can  either  introduce  the  topological  index  theory  of  [20]  and  repeat  the 
arguments  of  [18]  or  [20]  slightly  modified  since  Fix  G  is  infinite  dimensional  or  more 
simply  use  e.g.  Corollary  1.25  of  [18]  and  an  approximation  argument.  Pursuing  the  latter 
course,  let 


Hj  “  span {sin  sx  I  1  <  s  <  t}  c  Fix  G 

**  ♦  I  ■ 

and  let  P£  denote  the  orthogonal  projector  of  E  onto  E  •  N  •  [((FixG)  n  E  )  «  W(], 
Then  appropriately  identifying  our  situation  with  that  of  [18],  Corollary  1.25  of  [18] 
implies 


(2.31) 


Pih(Br(h)n  W  n  »Pj°  Vi  *  * 


for  all  tel.  Thus  there  exists  =  w^  +  v^  ♦  w^  e  (Br{hJ  n  PjV^)  such  that 

P^hCUj)  «  3Bp  n  V^_t .  since  Br(hj  n  v  j  is  closed  and  convex,  a  subsequence  of  u^ 

^  +  _  + 
converges  weakly  to  u  =  w  ♦  V  +  w  e  Br(uj  n  Vj*  sinc*  P  Vj  ls  finite  dimensional,  we 

can  assuiM  w*  converges  strongly  to  w+.  By  ( Y. )  and  our  choice  of  u,, 

JC  4  X 


(2.32) 


P‘Pth<ut)  -  a9lul)wt  +  P,Pt*(ujl)  -  0 


P  Pth(ut>  -  a  (ut)wt  ♦  P  Pt*(ut)  -  0 


The  properties  of  a*,  a  ,  and  •  now  allow  us  to  conclude  from  (2.32)  that  and  w ^ 

also  converge  (along  a  subsequence  to  v,  w”  respectively.  Hence  u  €  n  and 

h(u)  e  SB  nv!  .,  i.e.  (2.30)  holds. 

Pi  1-1 

One  final  preliminary  is  required  to  show  that  the  numbers  c ^ ( 6,K)  are  critical 

values  of  X(0,K,  •).  Let  K  -  {u  «  E|i(0,k,u)  -  c  and  i'(0«KrU)  -  0}  and 

c 

-  {u  e  e|i(0,k,u)  <  a). 

Proposition  2.33>  For  each  c  8  R,  e  >  0,  and  invariant  neighborhood  0  of  K  c,  there 
exists  c  e  (0,e)  and  g  e  C((0,1]  x  E,E)  such  that 


L 


1*  n(1/‘)  is  squi variant 

2*  n(1.u)  -  u  if  Kt.K.u)  4  [c  -  c,c  ♦  c] 


3*  n(1,u>  satisfias  (y4> 

4-  nd.A^XO)  cAm 

5«  if  lO.A^)  CAW 

Proof :  Sines  1(0, K,*)  e  C1!!,!)  and  satisfies  (PS)  via  Proposition  2.2,  all  assertions 
save  3*  are  standard.  See  e.g.  (21] •  As  in  (IS],  3*  follows  since  f)(t,u)  is  the 
solution  of  an  ordinary  differential  equation  of  the  font 
(2.34)  -e(n)(Y^(n)  +  PC  n)  > 

n(o,u)  "  u 


where  a  is  a  scalar  function  with  0  <  o  <  1,  P  is  coapact, 

Vtt)  5  2  <,w+|2  *  ,w~'2  "  ®'v,2> 

and  Yp(u)  is  the  Frechet  derivative  of  Yg.  Letting  n  ■  n+  ♦  t|  ”  ♦  n*  and  projecting 
(2.34)  on  l",  N  yields 


(2.35) 


-  -o(n)(-n”  ♦  p"P(n>) 

rf(0,u)  ■  p’u  *  -■ 


and 


(2.36) 


-  -0(h)  (-Bn*  ♦  P*P(n)> 
n*(o,u)  -  v 


Integrating  (2.35)  and  (2.36)  shows  i)  has  the  fora  ( y4> • 

How  finally  we  can  prove 

Proposition  2.37>  Por  each  0  >  0,  K  >  r,  I(B,K, •)  possesses  an  unbounded  sequence  of 
critical  values. 

Proofs  if  Cj(B,X)  »  v(B,K),  c^(0,K)  is  a  critical  value  of  l(0,K,  •)  by  a  previous 

reaark.  Thus  suppose  c^(0,K)  >  v(0,x).  We  argue  in  a  standard  fashion,  if  c^(  6,K)  is 
not  a  critical  value  of  1(0,K,<),  let  e  -  “  (c^  -  v).  Then  there  is  an  c  >  0  and 
tl  6  C(  (0,1  ]  *  1,1)  as  in  Proposition  2.33.  Choose  h(fi,  such  that 


Corollary  2.43 1  Lot  v . (0,K)  bn  a  critical  point  of  X(0,K#»)  such  that 

"  c.(0,k).  Than  lu4(0,X)l  ♦  •  aa  J  ♦  *s 

3  3  3  L 

Proof i  8 Inca  for  a  -  u^(0,x), 

I'(S,K,u)u  •  0  «  /  [(u*  -  u*  -  0r*)  -  f  (x,u)u]dxdt  , 

Q  *  *  *  * 

(2.44)  c^(0,K)  -  /  [-  fK(x,o)u  -  Pg(x,u)]dxdt 


Thun  If  u^(0«K)  wars  boundad  in  i*,  (2.44)  Shows  o^(  0,K)  would  ba  a  boundad  aaquanoa 

contrary  to  Proposition  2.37. 

Rwark  2»45«  Mota  that  it  haa  not  yat  baan  aatabliahad  that  h>^(  0,K)  I  m  <  •  for  any 
j.  This  will  ba  dona  in  |3. 

Kawarh  2.40«  A  aora  dalicata  axistanca  ary  ant  basad  on  tha  indax  thaory  of  [201  can  ba 


usad  to  obtain  a  aaquanoa  of  critical  waluaa  of  I(  0,X, •>  as  wall  as  a  nultiplicity 
sta tenant  for  daqonarata  critical  yaluas  as  in  [18]  and  [20]. 


f3.  THE  PROOF  OF  THEOREM  0.3 

Zn  this  ssction  ths  regularity  of  the  critical  points  of  I(0,K,  •)  will  be  studied. 

It  will  be  shown  that  u^(0,K>  is  a  weak  solution  of  (1.6),  (0.2).  In  the  process 

estimates  for  lu.(0,K)l  independent  of  0  and  X  will  be  obtained.  This  will  aid  us 
3  L 

in  finding  large  aeplitude  weak  solutions  of  (0.1)-(0.2)  via  a  limit  argument.  In  what 
follows  we  always  assume  0  >  0  and  X  >  r. 

Proposition  3.1 i  There  exists  e  constant  Mj  independent  of  0  end  X  such  that 

Oj(0,K)  <  M^. 

Proof i  since  Mu)  »  «  6  6)(  by  (2.18)  and  (2.42), 

(3.2)  e.(0,K)  <  sup  I(0,K,u)  < 

VJ 

<  supr  (IwV-  lw" I2-  0lvl2)  -  a,(/  (|w+|2*  |w“|2*  |v|2>dxdt)"/2 

vj  Q  2 

where  a3  is  independent  of  0  and  X.  Tbs  form  of  the  right  bound  side  of  (3.2)  shows 

*3,3*  e  (0,X)  <  a  |Q|  ♦  sup  ^  j  lul2  -  a  (/  u2dxdt ) '^2 

u«F^1*  J  Q 

8inee  n  |  is  finite  dimensional  and  S  >  2,  ths  quadratic  term  on  the  right  hand 
side  of  (3.3)  dominates  near  0  and  ths  p  term  near  infinity.  Hence  the  supreaum  is 
P«*ltive  nnd  is  achieved  at  some  u  «  n  s*.  Therefore 

(3.4) 

Consequently 

and  by  (3.3), 


v5'!* <  i 15,2  «  i  j2,5,22 

L  L 


*-'t2  <  (T^)’*'2  * 


c.(0,X)  4  a  101  *  t  j2r?  i  H 


(3.5) 


Xf  u  it  «  critical  point  of  I( 0,K, •) 


0.7) 


Ifgd.nH  t  <  a4ll(M,»)|  ♦  ^ 


then  tha  oflmttntt  «4>  tj  ut  indapandant  of  $  and  K. 

Proof i  Xf  a  it  t  critioal  point  of  I( 0,K, •) , 

(3.d)  X'(*.K,o)«-  0 

for  tU  t  «  *»  Chooalng  ♦  ”  u  (ivtt 

(3.9)  X(0,K,u)  -  X'(0.K,u)o  «  /  [^  u  fK(*,«>  -  rK(x,tt) ]d*dt  . 


■aw  applying  (tj)  yitUt  an  L1  bound  for  u  fK(x,u)  frot  which  (3.7)  oaaily  follows 
Proooaltlon  3.10t  If  o-a  +  wgi-ddd1  Ua  critical  point  of  X(  0,K,  •),  than 
▼  «  c2  r>  «  and  w  «  c1  n  g1. 

Proofs  siaca  t  (  t,  a  «  H1*2  n  «  and  tharafora  a  la  oontinaoua.  Tha  for*  of  fK 

(1.3)  inply  f  (•,*)«  I.2  for  all  a«(1»*).  Chooolng  +CN  in  (3.d)  ahowa 

(3.11)  /  (•»  ♦*  *  f-(*.o)d)dxdt  •  0 

0 


for  )fli  lot 


9*(x,t)  -  «“1(0(*,t  ♦  •)  -  9(x,t) ) 
and  lot  »n  danota  tha  orthogonal  projactor  of  I  onto 


apantain  lx  ain  tt.ain  lx  ooo  It  |  1  «  1  €  n) 
Taking  fJaV*  ■  ((f.a)1)**  in  (3.11)  yialds 

B  B 


(3.12) 


"'VA’l  *  K.C..M  , 

L  L  L 


hatting  t  *  0  in  (3.12)  ahowa 

(3.13)  •l<V>tt't2  <  *V'ttMT2  ‘ 

if  It 

How  lotting  n  ♦  •  ahowa  a  C  W2'2.  Thua  by  (3.11),  g  -  9»tt  -  f^ix.a)  *  L2  ^  nA. 
a  C  N  inpllaa  a  «  *,  g  ■  pAg  ■  PAfR(  *,u)  wharo  PA  •  r*  ♦  p”.  by  a  ragularity 

raault  ((22],  [6],  or  (13])  for  aolotlona  of  (0.2)  and 


□w  -  g  , 

v  is  oontlwaoea.  k  representation  result  for  solutions  of  0.11 ),  ((2.46)  of  [15] ),  then 
shows  *  I  C*  sad 


0.14) 


M\t* .  «  ^*^X^  **•)  ®  . 

L  ii 


f or  s  -  1 


0.15) 


by  (22),  (6),  or  (IS)  sad  0.14),  w«C  sad 


lw»  4  s,l-*rtt  ♦  fK« *.«)»  ,  <  %»V  •*“)'  1  * 

L  Lb 


0.16) 


'"'i.-  «  V*tt  ♦  V*-n  -  «  %*V  • 

W  Lb 


Mat  wo  will  obtaia  further  I  sad  K 


bounds  for  *  sad  w. 


There  is  s  ooastsat  N . 


of  f  sad  K  such  that  if 


u^(0,K)  I  t^(I,K)  ♦  Wj(0,k)  (Ml  is  a  oritieal  point  of  KM,1)  corresponding  to 
e^(0,K),  then 

I ▼,(•»*)!  _  ♦  hr.(  0,X) I  .  .  <  54  . 

1  h  3  H1'  3 


Proofs  Proposition  3.1, 


of  6  and  X. 


>1,  lnm  3.6,  and  (3.15)  give  an  L  bound  for  y  0,x) 
3.7  of  (IS)  then  provides  the  aoet  delloate  step!  an  t" 


y0,K)  independent  of  0  and  x.  lastly  0.16)  yields  the  Z1'"  hound  for  w^(0»K). 
naaarh  3.18i  Inequalities  (3.7)  and  0.15)  and  the  proof  of  bssa  3.7  of  (15)  show  there 


exists  a  nonotone  increasing  function  0  such  that 


(3.15) 


luj(0,K)l  a  <  ♦(cJ<0,K>)  <  toy  *Kj 


for  all  ]ff. 


For  fixad  j  and  X  the  functions  y|,K)  fora 


sqel  continuous 


f sally  in  C(Q>  n  X. 


Proofi  This  is  a  rests tenant  of  Loans  3.29  of  (15)  where  as  get  what  in  our  setting  is  a 
unifora  aodulas  of  continuity  for  the  functions  y  0,K). 

With  the  aid  of  these  preliainariee  we  can  now  give  that 


First  m  will  produce  a  solution  u  of  (1.7),  (0.2)  with 


it  <  Ini  m  <  K.  Thus  fix  f  >  0,  R  >  r,  and  K  >  R.  Sat 

*•  . 

<3.21)  0(x)  s  i  ♦  |g|  nas  «f(x,«  -  r(x,«)| 

xt[o.«)  a 

If  «  I  u(B,X)  is  a  waak  solution  of  (1.7),  (0.2)  with  fol  m  <  R  <  X,  (3.9)  show*  that 

L 

13.32)  |X(f,K,u)|  •!/[;«  f(*,»)  -  F(x,u)]dxdt|  «  0(B)  -  1  <  0(B) 

Q 

Dafina  X  ■  nax(B,0(0(B) ) )•  By  Fropoaition  2.37,  (c.(B,K)) _  ia  an  unbounded  aaquanca 

3  )■ 

of  critical  raluaa  of  I(0,K, »).  Tharafora  wa  can  ohoosa  j  ao  that  a^(0,£)  >  0(B). 
With  j  now  fixod,  aansidar  c^d.K)  for  II  [K,K^1  t  1^  whara  X^  was  dafinad  in 
(3.19).  (For  fat  or  a  rafamaoa  not*  that  j  and  tharafora  1^  dapand  on  I),  sinca 
Cj(l,K)  ia  continuous  in  Ij  by  Vroponition  2.20,  aithar  thara  is  a  X  t  such  that 

o^(B,K)  “  0(B)  or  e^(Mj)  >  0(B).  In  tha  fonsar  oasa,  by  (3.19) 

<3.33)  lu  d*XH  <  0(a.(B,K))  -  0(0(R))  <  X  <  X 

3  I*  3 

so  #j(M)  is  a  waak  aolotion  of  tha  ontraneatad  aquation 
<3.34)  DO  -  fr  ♦  f(x,u)  -  0 

toyathar  with  (0.2).  In  tha  lattar  oaaa,  (3.19)  iapliaa  o)(B,Kj)  satiafias  (3.24)  and 
(0.2).  Thus  in  aithar  oaaa  thara  axiata  X-  X*(f)  t  1^  such  that  lu^( B,X) I  m  <K  and 
«.j<M>  ia  a  waak  solution  of  (3.24),  (0.2).  Wor sowar  c^B.K)  >  0(b)  so  (3.22)  and 
(3.21)  iaply  that  lUjd.Kl  m  *  B. 

It  raaaina  to  find  a  solution  of  (0.1)-(0.2),  i.a.  a  aolotion  of  tha  abora  typo  with 
•  -  0.  ha  was  aotad  abora,  j  dspands  on  I,  i.a.  3  -  5(B)  and  hanoa  possibly 

aa  B  ♦  0.  If  so  ws  nay  not  bo  abla  to  control  u^(  B.R*(  B) )  aa  B  ♦  0.  To 
pat  around  this  potential  difficulty,  wa  will  yet  a  f  Independent  astinata  for  j. 

to  bay  in  wa  apply  tha  abora  arywant  with  1-1.  Now  £&  tha  j  and  tharafora  Ij 
ao  dataminad  and  oonsidar  o^(B,K)  for  ft  (0,1)  and  X  t  1y  By  Brapoaltion  2.20, 
f  <  1  iapliaa  Ojd.x)  >  Oj(1,K).  Thus  o^f.K)  >  o^l.X)  >  0(B).  oinoa  X j  is  now 


19- 


independent  of  0,  our  earlier  argument  yields  K  -  K*(  8)  e  for  each  8  e  (0,1]. 
Cbooeing  a  sequence  0 ♦  0,  we  obtain  a  sequence  of  weak  solutions  u  (0  ,K*(0  ))  of 

*  J  ■*  J  * 

(3.24),  (0.2)  with  R  <  luJ(0-,K*(0ii))l  ^  <  *•( 0^,)  <  K^.  By  Propositions  3.17  and  3.20  the 
functions  are  uniformly  bounded  in  C1 (Q)  and  the  functions 

®e'Kj® ®n> >  *r*  uaif°rmly  bounded  and  equieontinuous  in  C(Q).  Thus  we  can  pasa  to  a 


limit  in  c(Q)  to  get  a  weak  solution  u^  of  (0.1)-(0.2)  with  R  <  lu  I  m  <  Ky  The 
proof  of  Theorem  0.3  is  complete. 


Dm  proof  of  Theorem  0.7  parallels  that  of  Theorem  0.3  but  is  much  alaplsr .  Thsrsfors 
«t  will  bo  rathor  sketchy  boro.  Again  we  taka  1  -  »  and  T  ■  2*.  Consider  all  functions 
which  satisfy  (0.2)  and 

(4.1)  (1)  u(x,t  ♦  s)  •  u(x,t) 

(11)  u(«  -  x,t)  «  u(x,t) 

Substituting  (4.1)  (1)  into  (1.2)  shows  Sjk  -  0  if  k  is  odd.  Similarly  (4.1)  (ii)  and 

(1.2)  imply  Sjk  "0  if  j  is  swan.  Thus  j  must  ba  odd  and  k  swan  in  (1.2)  for  (4.1) 

* 

(1),  (11)  to  hold.  Let  Bj  denote  the  subepace  of  s  of  such  functions.  As  was  noted  by 
Oorou  [BJ,  l'  n  |j  •  (0)  since  a^  -  0. 

Let  l|  •  lf  ^  r.  Then  S^  ■  S*  •  and  X*  are  orthogonal  aubspacas  of  E1 . 
Moreover  X*  are  invariant  under  6  as  is 

*t  •  *(  S  span (sin  Jx  sin  kt,eln  }x  cos  kt  | 

0  <  j,  k  <  n,  J  <  k,  j  odd  and  k  swan) 

Thun  the  arguments  of  §1-2  with  ■  replaced  by  >1  and  by  show  1(0, K,  •)  has 

an  unbounded  sequence  of  erltleal  points  u^(0,K)  with  corresponding  critical  values 
Oj(O.K)  depending  oontlnuously  on  X.  Xt  remains  to  show  that  for  appropriate  j,  K, 
Uj(0,K)  is  a  weak  solution  of  (0.1)-(0.2)  with  K  <  lu^O.x)!  .  <  X. 

Xt 

■ate  that  if  g  satisfies  (4.1)  and  Ow  *  g,  then  e.g.  via  Fourier  expansion, 
w  C  S,.  In  particular  if  g  -  -fK(u)  with  u  C  «v  then  fK(u)  satisfies  (4.1). 
Therefore  the  argil ents  of  |3  suitably  simplified  carry  over  to  the  present  case  and  the 
proof  is  completed  as  earlier. 

ksmark  4.2»  The  above  argiaaent  works  equally  well  if  f  also  depends  on  x  provided  that 
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